Abstract. In this paper we continue our investigation of a slowly rotating Timoshenko beam in a horizontal plane whose movement is controlled by the angular acceleration of the disk of a driving motor into which the beam is clamped. We show how to choose a feedback control allowing to stabilize our system (the beam plus the disk) in a preassigned position of rest.
Introduction and statement of the stabilizability problem
In [1] we considered the following linear model of a slowly rotating Timoshenko beam in a horizontal plane derived in [2] :
-w"(x,t) -'(x, t) = -(t)(r + x) 1 (x, t) -
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(x E (0, 1), t > 0) (1.1) 
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as i -+ +oo. Note that conditions (1.3) -(1.4) mean the extinguishing of the total energy of the beam and conditions (1.5) mean the stabilization of the disk in the position 8 = 0 which, obviously, can be considered as an arbitrary preassigned one. In addition note that conditions (1.3), due to Friedrichs inequality, imply
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w(x,t) 2 dt . 0, and f e(x,t) 2 dt 0 (t .. +00).
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The main result of the paper is based on the theorem on strong stabilizability of contractive systems [4: p. 1324 ] which, in turn, is a consequence of the Sekefal'vy-Nagy and Foyas theorem on strong convergence to zero of powers of a contractive operator [5: p. 102].
The singular values of the disk radius
Following [1] we rewrite (1.1) -(1.2) in the operator form
where H L 2 ((0, 1),C2 ), the linear operator A : D(A) -H is defined by
In [1] we proved that this operator A is positive and self-adjoint and the smallest eigenvalue of A is larger than 1.
The main part of this Section is devoted to the question on the orthogonality of eigenvectors of the operator A to the vector b. Let () be a given eigenvector of A corresponding to eigenvalue A (A > 1). Bearing in mind that () € D(A), we obtain
Further, we take advantage of the direct form of eigenvectors obtained in 1: Section 21:
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where
are some complex constants defined from boundary conditions. With the notation of this work we have from (2.2)
where 01 = '/A --VA -and 03 = \/A + Reality of the functions y and z means that C2 C and C4 = C3 . Let where P = a 1 sina3 -a3 sin a1 Q = a 1 sina 1 -a3 sin a3 R = cos a3 + COS a1.
It follows from (2.6) that
Let us show that actually
On the other hand, from [1: Formula (2.9)] we have and, therefore, cos = 0. But the latter equality is impossible because it is easy to see that 0 < 1 <a3 -a 1 < ZE as ) 2 1. This proves (2.7).
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Remark 2.1. Note that (2.7) implies immediately that all the eigenvalues of the operator A are simple. In fact, since R 0, then from (2.4), (2.6) follows that the dimension of the eigenspace corresponding to the eigenvalue ) equals 1.
Taking (2.7) into account we get
Thus, 57 < 0 if and only if
Lemma 2.1. For a given eigenvector (), A() = A(), there exists a value r of the disk radius such that ((), b) H = 0 if and only if (kEZ). (2.8) As follows from (2.5) -(2.6) the corresponding value is given by
We call all such values of the disk radius the singular ones. It is-shown in [l] that for every k E N there exists exactly one eigenvalue \ = 1\ 2k+l of the operator A satisfying (2.8). Therefore, (2.9) defines a sequence {rk}k>I of the singular values. Let us determine the asymptotic behaviour of this sequence. To this end we use the next two properties of the eigcnvalues Ak [1] :
and, as a consequence,
) and, as a consequence, taking into account of (2.8),
(a3 +a 1 cos =(a3 -a 1 )cos Applying i) -ii) we obtain from (2.9)
Lemma 2.2. The set of the singular values of the disk radius is given by a sequence r k } 1 which is convergent to (1 -cos ) tan 1 as k -i oo.
Obviously, in the case when the disk radius has a singular value there exists a fundamental frequency of the beam which is invariable under the influence of the control, i.e. system (2.1) is not controllable. So later on we shall assume the disk radius to be of a non-singular value.
The operator equation of motion
For our further purpose it will be necessary to describe the motion of the system (the beam plus the disk) by means of a single operator equation of first order in a Hubert space.
In [1] we have shown that the operator A in (2.1) is strictly positive and self-adjoint. Further, we have shown that A has a complete orthogonal sequence of eigenfunctions (') E D(A) (j E N) and a corresponding sequence of eigenvalues A3 E R of multiplicity one (see Remark 2.1) such that 0 < A 3 T oo as j -+oo. We even know that ) > 1. All this implies that
on D(A). Further, there exists a "square root" A of A which is also a self-adjoint linear operator with domain 2 00
D(A)= {() EH A((Y) (yj))
and given by
It is easy to see that generates a strongly continuous semigroup which we denote by {7,(t), t > O}. Thus the problem of strong stabilizability as formulated in Section 1 turns out to be the problem of existence (and construction) of a functional p E (7-1 x C2 ) such that T,(t)Z -0 as t -+oo for every Z E 7-1 x C2. ) fl {z E C : Izi = 1} is at most countable. Then in order that the system is strongly stabilizable it is necessary and sufficient that there does not exist an eigenvector xo of the operator A corresponding to an eigenvalue.\ (Re \ = 0) such that xo E Ker B*. At the same time notice that this theorem cannot be applied directly, because the semigroup {T(t) : t 2 01 is not contractive. Therefore, first of all we find a perturbation A+ bp of the operator A such that the generated semigroup {7,(t) : t 0) is contractive in a suitable norm of fl x V. follows. Further, one can show that -is a simple eigenvalue of A + bp, whose corresponding eigenelements are multiples of
It is easy to show that the operator A: D(A) x D(A) -1-1 = D(A4) x H has an orthogonal complete sequence of eigenelements
With the aid of this eigenelement we define a scalar product in 11 x C2 by
for Z', Z 2 E ?I x C2 which leads to the norm
for Z e x C2 . It is easy to see that I1 Z II7<c7 -0 as II Z II, -0 and vice versa. Thus these two norms are equivalent to each other and, therefore, stabilization in one of them implies stabilization in the other. Proof. Let lc,j E Z be chosen such that k 54 J. Then
Let k E Z be chosen arbitrarily. Then 
(i) The semigroup { 7 L, (t)I t > 01 which is generated
From (3.3) (Zk,b)xc2 = 1k((iki ), b) If we put Y1 V and 9 = 9, then V2 = V and 92 = 9, and summarizing we obtain (4.6) , (4.5) which is a real function.
